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guaranteed by the Ward identity
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It has been a long-standing problem in N-electron systems as to how to solve the Dyson equation with the
quasiparticle wave functions defined as 〈�N

0 | ψs(r) | �N+1
ν 〉 and 〈 �N−1

μ | ψs(r) | �N
0 〉, which are not mutually

orthogonal and have a norm less than 1. We show that quasiparticle wave functions without multiple excitations
can exactly be normalized to unity owing to the Ward identity and the vertex function in (q, ω′ − ω) → 0,
although they are not necessarily mutually orthogonal. Since they satisfy an eigenvalue equation with the
hermitized self-energy due to Baym-Kadanoff’s conservation laws, the present theory can be regarded as an
extension of the Kohn-Sham density functional theory, with correlated, interacting, one-electron orbitals.

DOI: 10.1103/PhysRevB.104.L201116

The quasiparticle (QP) approach such as the GW approxi-
mation (GWA) [1–13] and the GW� approach [14–16] in the
Green’s function method in many-body perturbation theory
(MBPT) has been used in the study of optical properties
and electronic structures of materials. The QPs mean one-
electron difference between the initial N-electron ground state
| �N

0 〉 (satisfying H | �N
0 〉 = EN

0 | �N
0 〉) and the final (N ±

1)-electron excited states | �N±1
λ 〉 (satisfying H | �N±1

λ 〉 =
EN±1

λ | �N±1
λ 〉). (H is the Hamiltonian of an inhomogeneous

system.) The QP energies, which are defined as εμ = EN
0 −

EN−1
μ for an occupied (occ) μ level and εν = EN+1

ν − EN
0

for an empty (emp) ν level, directly represent the pho-
toemission (PE) and inverse photoemission (IPE) energies,
and the QP wave functions (QPWFs), which are defined as
φμ(r, s) = 〈�N−1

μ | ψs(r) | �N
0 〉 for μ ∈ occ and φν (r, s) =

〈�N
0 | ψs(r) | �N+1

ν 〉 for ν ∈ emp (s is the spin coordinate),
describe the created hole and electron (particle) distribution.
Sandwiching the anticommutation relation of the annihilation
and creation operators {ψs(r1), ψ†

s′ (r2)} with 〈�N
0 |, | �N

0 〉
and inserting the complete sets of the (N ± 1)-electron
intermediate states inside the bracket, one derives the com-
pleteness condition for the QPWFs [17]:∑

λ ∈ all

φλ(r1, s)φ∗
λ (r2, s′) = δss′δ(r1 − r2). (1)

However, the QPWFs are not orthogonal to each other, not lin-
early independent [17], and their norm is less than 1 [18–20];
see Eq. (21) below. There are an infinite number of the occ
QPWFs φμ(r, s) even for finite N-electron systems, as there
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are infinite numbers of (N − 1)-electron states | �N−1
μ 〉. This

implies that the electron spin density [2,17]

ρs(r) = 〈
�N

0

∣∣ψ†
s (r)ψs(r)

∣∣ �N
0

〉 =
∑

μ ∈ occ

| φμ(r, s) |2 (2)

must be expressed with an infinite number of the occ QPWFs,
which makes rigorous analyses very difficult. How to solve
the Dyson equation by means of these QPWFs [20] has been a
long-standing problem. Although this problem has often been
bypassed by approximating the self-energy form [8] or by
linearizing the self-energy [9,12,16] in the self-consistent (sc)
GW(�) approaches, the essential problem on the norm of the
QPWFs has not been solved yet.

There are also a few other but related problems in the
GWA. The first is that the GWA does not correctly satisfy
Pauli’s exclusion principle, i.e., the self-interaction error re-
mains due to incomplete cancellation between the screened
exchange and Hartree terms [21]. The second is that it violates
the Ward-Takahashi identity [22–24], which guarantees the
gauge invariance, i.e., the local charge conservation. To the
best of our knowledge, no exact QP formulation has been
given in a first-principles framework yet. The problems are
also related to the foundation of density functional theory
(DFT) [25] and the Kohn-Sham (KS) theory [26]. Concerning
the relation between the KS potential and the self-energy,
there is a formula proposed by Sham and Schlüter [27], but
our approach claims their exact equivalence in a hermitized
form.

The purpose of the present Letter is to solve all these prob-
lems in an exact manner. We first assume that, in N-electron
systems, the two-time spin-density matrix, which satisfies an
equation similar to the Dyson equation, is expressed in a bi-
linear form by N normalized QPWFs φ̄λ(r, t, s). We show that
they satisfy exactly the same QP equation, and the problem is
reduced to a simple normalization of the QPWFs. The proce-
dure is similar to that of the fully sc GWA [5,11], but the QP
energies are complex numbers reflecting a finite lifetime [10].
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Then, a vast number of irrelevant (N ± 1)-electron states,
which are related to multiple excitations, are eliminated from
the QP states. We note that the normalization corresponds to
taking into account the Ward identity and the vertex correction
in the (q, ω′ − ω) → 0 limit. Finally, we show that the renor-
malization can be performed in an exact formulation using
the Bethe-Salpeter equation for the vertex function. Since the
nonorthogonal but normalized QPWFs and the real part of the
QP energies are determined with the hermitized self-energy
due to Baym-Kadanoff’s conservation laws [24,28] and the
electron spin density ρs(r) is exactly expressed by N QPWFs,
the present theory can be regarded as an extension of the KS
theory.

One-particle Green’s function and QP equations. The one-
particle Green’s function is defined by [1,2,17,24,28]

Gs(1, 2) = −i
〈
�N

0

∣∣T [ψs(1)ψ†
s (2)]

∣∣�N
0

〉
, (3)

where numbers are abbreviations for position and time coordi-
nates, i.e., i = (ri, ti ), ψs(i) are the Heisenberg operators, and
T is Wick’s time-ordered product. It is expanded as [1,2,17]

Gs(1, 2) = − i
∑

ν ∈ emp

φν (1, s)φ∗
ν (2, s)θ (t1 − t2)

+ i
∑

μ ∈ occ

φ∗
μ(2, s)φμ(1, s)θ (t2 − t1), (4)

where θ (t1 − t2) is Heaviside step function, φν (i, s) and
φμ(i, s) are the time-dependent emp and occ QPWFs [17]:

φλ(i, s) = φλ(ri, s)e−iελti (λ = ν or μ). (5)

Here, φλ(ri, s) and ελ are the (time-independent) QPWFs and
the QP energies. Note that ελ become complex numbers in
MBPT. By the Fourier transformation, we have [1,2,17]

Gs(r1, r2; ω) =
∑
λ ∈ all

φλ(r1, s)φ∗
λ (r2, s)

ω − ελ − iδλ

, (6)

where δλ are 0+ and −0+, respectively, for occ and emp QP
states (0+ is a positive infinitesimal number). Therefore the
same problem of the QPWFs appears in the Green’s function
approach.

From Heisenberg’s equation of motion for ψs(1), the one-
particle Green’s function satisfies [1,2,24,28]

i∂t1 Gs(1, 2) − hs(r1)Gs(1, 2)

+ i
∑

s′

∫
d3V (3, 1+)Kss′;ss′ (1, 3; 2, 3+) = δ(1, 2), (7)

where hs(r1) = − 1
2∇2

1 + vs(r1) represents the one-body
part of the Hamiltonian, V (3, 1) = δ(t3 − t1)/|r3 − r1|,
i+ denotes (ri, ti + 0+), and Kss′ is the two-particle
Green’s function defined by Kss′;ss′ (1, 2; 1′, 2′)=
−〈�N

0 |T [ψs(1)ψs′ (2)ψ†
s′ (2′)ψ†

s (1′)]| �N
0 〉. The last term

in the left-hand side of Eq. (7) can be rewritten by introducing
the self-energy �s(1, 3) as [1,2,24,28]

i∂t1 Gs(1, 2) − hs(r1)Gs(1, 2) −
∫

d3 �s(1, 3)Gs(3, 2)

= δ(1, 2). (8)

This is the Dyson equation in a differential form. Time
Fourier transformation of Eq. (8), ωGs(r1, r2; ω) − hs(r1)
Gs(r1, r2; ω) − ∫

dr3�s(r1, r3; ω)Gs(r3, r2; ω) = δ(r1 − r2),
yields via the integral around each pole at ελ + iδλ with (6)
[1–3,29],

ελφλ(r1, s) = hs(r1)φλ(r1, s) +
∫

dr2�s(r1, r2; ελ)φλ(r2, s).

(9)

This is the QP equation. Note that the self-energy is energy
dependent. The solutions of this equation are not orthogonal
to each other and have the norm between 0 and 1 [18–20].

Here we propose to solve this problem as follows.
Multiplying both sides of (9) by e−iελt1 and using the orig-
inal definition �s(r1, r2; ελ) = ∫

d (t1 − t2)�s(1, 2)eiελ(t1−t2 ),
we obtain the time-dependent QP equation [2,30]

i∂t1φλ(1, s) = hs(r1)φλ(1, s) +
∫

d2 �s(1, 2)φλ(2, s). (10)

Now we define the two-time spin-density matrix D(−)
s (1, 2)

and its complementary function D(+)
s (1, 2) as

D(−)
s (1, 2) ≡ 〈

�N
0

∣∣ ψ†
s (2)ψs(1)

∣∣�N
0

〉
=

∑
μ ∈ occ

φμ(1, s)φ∗
μ(2, s),

D(+)
s (1, 2) ≡ 〈

�N
0

∣∣ ψs(1)ψ†
s (2)

∣∣�N
0

〉
=

∑
ν ∈ emp

φν (1, s)φ∗
ν (2, s), (11)

which are equal to ∓iGs(1, 2) for t1 ≶ t2 and satisfy an equa-
tion that is similar to Eq. (8) and readily derived from (10),

i∂t1 D(±)
s (1, 2) = hs(r1)D(±)

s (1, 2) +
∫

d3 �s(1, 3)D(±)
s (3, 2).

(12)

Next, we assume that these functions are expressed by normal-
ized QPWFs φ̄i(1, s) (i = 1, 2, ..., N, N + 1, N + 2, ...) as

D(−)
s (1, 2) =

N∑
i=1

φ̄i(1, s)φ̄∗
i (2, s), (13a)

D(+)
s (1, 2) =

∞∑
i=N+1

φ̄i(1, s)φ̄∗
i (2, s). (13b)

Then the necessary condition for the electron spin den-
sity

∑
s

∫
dr1ρs(r1) = ∑

s

∫
dr1D(−)

s (1, 1) = N and the com-
pleteness condition (1) are automatically satisfied. At each
time t1, we can introduce the dual orbitals φ̃ j (1, s) ( j =
1, 2, ..., N, N + 1, N + 2, ...), which satisfy the biorthogonal-
ity condition [31],∫

φ̄∗
i (1, s)φ̃ j (1, s)dr1 = δi j (i, j � N or i, j > N ), (14)

and derive
∫

D(∓)
s (1, 2)φ̃i(2, s)dr2 = φ̄i(1, s) (∓ for i � N).

Using this, we readily find that Eq. (12) yields the equation

i∂t1 φ̄i(1, s) = hs(r1)φ̄i(1, s) +
∫

d2 �s(1, 2)φ̄i(2, s). (15)
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FIG. 1. Illustration of (a) infinite number of (N − 1)-electron eigenstates | �N−1
μ+δ 〉 with multiple excitations around the created hole and

(b) the relevant (N − 1)-electron state | �N−1
μ 〉 with the created hole.

Equations (10) and (15) have exactly the same form, and thus
we conclude that φ̄i(1, s) is equivalent to the QPWF φμ(1, s)
except for a normalization factor. Therefore the electron spin
density ρs(r1) = D(−)

s (1, 1) is expressed by N-normalized
QPWFs except for normalization. Those functions are not
necessarily mutually orthogonal. Here is a hint to solve the
problem. There are a lot of independent excitations that are
not directly associated with the PE and IPE processes in the
(N ± 1)-electron states | �N±1

λ 〉; see Fig. 1(a). However, they
can be eliminated in the summation over all occupied and
empty states in Eqs. (1), (2), (4), (6), and (11), and instead
we accept that the QP energies have an imaginary part, which
represents the peak width and the inverse of the QP lifetime;
see Fig. 1(b). Then each hole (electron) QP state associated
with one final PE | �N−1

μ 〉 (IPE | �N+1
ν 〉) state, which does

not include any multiple excitations or Auger-like process
involving the recombination and the second excitations, etc.,
may have a norm equal to the amount of one electron exactly.

Normalization procedure. For convenience, we introduce
an abstract representation | φλ 〉 by 〈 r, s | φλ 〉 = φλ(r, s) (λ =
ν or μ) and write the Green’s function as Gs(r1, r2; ω)δss′ =
〈 r1, s | G(ω) | r2, s′ 〉. (Although it is assumed for simplicity
that the Green’s function is diagonal in spin, it is straightfor-
ward to extend the present theory to a more general case where
the Green’s function is not diagonal in spin, for example, by
the spin-orbit interaction.) Here G(ω) is expressed as

G(ω) =
∑
λ ∈ all

| φλ 〉〈φλ |
ω − ελ − iδλ

. (16)

The one-body term and the self-energy are written in similar
operator forms h and �(ω). Under Baym-Kadanoff’s conser-
vation laws [24,28], the Dyson equation is expressed as [32]

[ ω − h − �(ω) ]G(ω) = G(ω)[ ω − h − �(ω) ] = 1. (17)

The integral around each pole of G(ω) with (16) yields

[ ελ − h − �(ελ) ]| φλ 〉 = 〈φλ |[ ελ − h − �(ελ) ] = 0. (18)

The first equality together with the Hermitian conjugate of the
second equality [ ε∗

λ − h − �†(ελ) ]| φλ 〉 = 0 gives[
h + 1

2

{
�(ελ) + �†(ελ)

}]| φλ 〉 = Re[ελ]| φλ 〉. (19)

That is, we can hermitize the self-energy just like the effective
potential in DFT when we solve the QP eigenvalue problem,
although the QP energies are complex numbers. It is seen
that {G−1(ελ)G−1†(ελ) − G−1†(ελ)G−1(ελ)}| φλ 〉 = 0, and it
should be understood that, inside �†(ελ) and G−1†(ελ), ελ

is replaced by ε∗
λ. The imaginary part of the QP energies is

obtained by

1

2i

{
�(ελ) − �†(ελ)

}| φλ 〉 = Im[ελ]| φλ 〉. (20)

Approaching ω to one of ελ in Eq. (17) and taking into account
Eq. (18), we have [19,20]

〈φλ |
[

1 − ∂�(ω)

∂ω

∣∣∣∣∣
ω=ελ

]
| φλ 〉

= 〈φλ |
[

1 −
(

∂�(ω)

∂ω

∣∣∣∣∣
ω=ελ

)† ]
| φλ 〉

= 1. (21)

When MBPT calculations do not simultaneously satisfy (20)
and (21), one can hermitize the equations like (19). Thus
the operator 1 − ∂�(ω)/∂ω|ω=ελ

normalizes the QP states.
The very important statement here is that this normalization
procedure is closely related to the Ward identity [24,29,33]

�q=0(ω) = 1 − ∂�(ω)

∂ω
, (22)

which is the q → 0 limit of the Ward-Takahashi identity,
where q ≡ (q, ω′ − ω) denotes the momentum-energy trans-
fer via the Coulomb interaction. In Eq. (22), �q=0(ω) is the
vertex operator in the q → 0 limit. Comparing (22) with (21),
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we have

〈φλ | �q=0(ελ) | φλ 〉 = 1. (23)

The vertex function, which connects the dynamical interaction
to a pair of Green’s functions, has an effect to make the system
gauge invariant by the Ward-Takahashi identity and guaran-
tees the local charge conservation by the continuity equation
[23,24]. However, in the limit q → 0, no multiple excitation is
possible. Therefore the vertex function in this limit counts the
(N ± 1)-electron states | �N±1

λ 〉 with purely one electron or
hole only and has an effect to normalize the corresponding
QPWFs to unity, ignoring all the other QPWFs involving
multiple excitations. This is the physical meaning of Eq. (23).
Now, only for the purpose of the normalization of QP wave
functions, we introduce a renormalization function, which sat-
isfies

∑
s

∫
φ∗

λ (r1, s) �ren
q=0 s(r1, r2; ελ)φλ(r2, s)dr1dr2 = 1, as

�ren
q=0 s(r1, r2; ω) = 〈 r1, s | �ren

q=0(ω) | r2, s 〉 = δ(r1 − r2) f (ω),

f (ω) =
∑
λ ∈ all

1

〈φλ | φλ 〉

∏
α �=λ(ω − εα )∏
β �=λ(ελ − εβ )

. (24)

This is spin-coordinate independent, and f (ω) satisfies

f (ελ) = 1

〈φλ | φλ 〉 = 〈φλ | �q=0(ελ) | φλ 〉
〈φλ | φλ 〉 . (25)

Then the normalized QP states | φ̄λ; ελ 〉 = | φ̄λ 〉, which satisfy
〈 φ̄λ; ελ | φ̄λ; ελ 〉 = 1 but generally obey 〈 φ̄λ; ελ | φ̄ζ ; εζ 〉 �= 0
for λ �= ζ , can be constructed from the ω-dependent states,

| φ̄λ; ω 〉 = �
ren 1/2
q=0 (ω) | φλ 〉 =

√
f (ω) | φλ 〉. (26)

As well, the normalized Green’s function is defined by

Ḡ(ω) = �
ren 1/2
q=0 (ω) G(ω) �

ren 1/2
q=0 (ω) = G(ω) f (ω), (27)

which satisfies Ḡs(1, 2) = iD(−)
s (1, 2) for t1 < t2. That is,

f (ω) becomes f (ελ) by taking the pole of the Green’s func-
tion. It is clear that the normalized QP states satisfy the QP
equation,

ελ| φ̄λ; ελ 〉 = [ h + �(ελ) ]| φ̄λ; ελ 〉, (28)

which corresponds to taking the pole of Eq. (27) with (16) in
the Dyson equation. The renormalization function �ren

q=0 s(1, 2)
connects the original and renormalized vertex functions as

�s(1, 2; 3) =
∫

d1′ �ren
q=0 s(1, 1′)�̄s(1

′, 2; 3). (29)

There are two possibilities of choosing i = 1 or 2 of �s(1, 2; 3)
to connect �ren

q=0 s(1, 1′) or �ren
q=0 s(2

′, 2). This has to be selected
to make the resulting form with G replaced by Ḡ symmetric.
The renormalized vertex function �̄ is the vertex function
with factoring out a renormalization function �ren

q=0 s(i, i′),
�ren

q=0 s(i
′, i).

Vertex correction. We will show that changing the Green’s
function from G to Ḡ is equivalent to replacing the ver-
tex function � with �̄ in the exact manner. First, following
Baym and Kadanoff [28] and Strinati [24], we separate
the two-particle Green’s function as Kss′;ss′ (1, 2; 1′, 2′) =
Gs(1, 1′)Gs′ (2, 2′) − Lss′;ss′ (1, 2; 1′, 2′). Then the first GG
term can be included in the one-body term as the
Hartree potential vH(r1) in Eq. (7). This corresponds

FIG. 2. Diagrammatic representation of the Bethe-Salpeter equa-
tion (BSE) for the vertex function �s(1, 2; 3).

to separating the self-energy into two terms, �s(1, 2) =
�H(1, 2) + �xc

s (1, 2); the first and second terms repre-
sent, respectively, the Hartree term vH(r1)δ(1, 2) and the
exchange-correlation (xc) term [24]. The density-density
correlation function χ is related to L as [24] χ (1, 2) =∫

d3 P(1, 3)ε−1(3, 2) = −i
∑

ss′ Lss′;ss′ (1, 2; 1+, 2+), where P
and ε−1 denote, respectively, the polarization function and
the inverse of the dielectric function. The polarization func-
tion P(1, 3) = −i

∑
s Rs(1, 3, 1+, 3+) can be calculated from

Rs(1, 3; 2, 3+) = ∫
d (44′)Gs(1, 4)Gs(4′, 2)�s(4, 4′; 3), where

the scalar vertex function satisfies the Bethe-Salpeter equation
(BSE) [1,2,24,33] (see also Fig. 2):

�s(1, 2; 3) = δ(1, 3)δ(2, 3) +
∑

s′′

∫
d (44′55′)

δ�xc
s (1, 2)

δGs′′ (4′, 4)

× Gs′′ (4′, 5)Gs′′ (5′, 4)�s′′ (5, 5′; 3). (30)

Then the dielectric function is given by

ε(1, 2) = δ(1, 2) −
∫

d (33′)
δ vH(r1)

δGs′′ (3′, 3)
Rs′ (3′, 2; 3, 2+),

(31)

and
∑

s′ Lss′;ss′ (1, 3; 2, 3+) = ∫
d4 Rs(1, 4; 2, 4+)ε−1(4, 3) =∫

d (455′)Gs(1, 5)Gs(5′, 2)�s(5, 5′; 4)ε−1(4, 3). Inserting this
expression into (7) and rewriting Eq. (8) as i∂t1 Gs(1, 2) −
[ hs(r1)+vH(r1)]Gs(1, 2)− ∫

d3�xc
s (1, 3)Gs(3, 2) = δ(1, 2),

we find Hedin’s GW� expression [1,2] for �xc
s (1, 3),

�xc
s (1, 2) = i

∫
d (34)Gs(1, 3)W (1+, 4)�s(3, 2; 4), (32)

where W denotes the dynamically screened Coulomb interac-
tion defined by W (1, 2) = ∫

d3 ε−1(1, 3)V (3, 2).
All the above is the exact formulation satisfying the conser-

vation laws [24,28]. Now we notice that, although �q=0 s(1, 2)
does not have the third argument “3,” it satisfies the BSE:

�q=0 s(1, 2) = δ(1, 2) +
∑

s′′

∫
d (44′55′)

δ�xc
s (1, 2)

δGs′′ (4′, 4)

× Gs′′ (4′, 5)Gs′′ (5′, 4)�q=0 s′′ (5, 5′), (33)

which has exactly the same form as the BSE for
�s(1, 2; 3), Eq. (30) (Fig. 2). Equation (33) can be
obtained by integrating (30) with respect to “3” because∫

d3 �s(1, 2; 3) = �q=0 s(1, 2); see, for example, Eq.
(7.22) of Ref. [24]. The Ward identity (22) can be
easily derived by comparing this BSE with the identities
∂�xc(ω)/dω = ∫

[δ�xc(ω)/δG(ω′)][∂G(ω′)/dω′]dω′ and
∂G(ω)/dω = −G(ω)[∂{ω − �xc(ω)}/∂ω]G(ω) in ω sapce;
see, for example, Ref. [33]. Since the q → 0 limit corresponds
to ignoring all multiple excitations, the replacement of
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�s(1, 2; 3) with �q=0 s(1, 2) corresponds to treating everything
as if there is only one electron or hole in the (N ± 1)-electron
states | �N±1

λ 〉. Therefore the function associated with
its expectation value, �ren

q=0 s(1, 2), has a meaning of the
renormalization factor of such a purely one-electron or
one-hole QP state as indicated in Eq. (23). The procedure to
factor out �ren

q=0 s(1, 1′) or �ren
q=0 s(2

′, 2) symmetrically from
�s(1, 2; 3) as Eq. (29) is now possible by construction. Then
the BSE for the vertex function (30) becomes that for the
renormalized one with �ren

q=0 s factored out:

�̄s(1, 2; 3) = �ren −1
q=0 s (1, 3)δ(2, 3) +

∑
s′′

∫
d (1′44′55′)

× �ren −1
q=0 s (1, 1′)

δ�xc
s (1′, 2)

δḠs′′ (4′, 4)

× Ḡs′′ (4′, 5)Ḡs′′ (5′, 4)�̄s′′ (5, 5′; 3). (34)

Next we find that the exchange-correlation part of the self-
energy (32) becomes

�xc
s (1, 2) = i

∫
d (34)Ḡs(1, 3)W (1+, 4)�̄s(3, 2; 4), (35)

and the dielectric function (31) with Rs′ (3′, 2; 3, 2+) becomes

ε(1, 2) = δ(1, 2) −
∫

d (33′44′)
δ vH(r1)

δḠs′′ (3′, 3)

× Ḡs(3
′, 4)Ḡs(4

′, 3)�̄s(4, 4′; 2). (36)

Although the calculation of the Hartree potential vH(r1) by the
original QP wave functions, i.e., the original G, was difficult,
it is now easy by using the renormalized Ḡ as

vH(r1) = −i
∑

s

∫
d2V (1, 2)Ḡs(2, 2+). (37)

Then Eq. (36) becomes ε(1, 2) = δ(1, 2) −∫
d3V (1, 3)P(3, 2), with the polarization function

P(3, 2) = −i
∑

s

∫
d (44′)Ḡs(3, 4)Ḡs(4

′, 3+)�̄s(4, 4′; 2).

(38)

Finally, the dynamically screened Coulomb interaction W and
the exchange-correlation part of the self-energy as well as the
Hartree potential are completely expressed only by Ḡ and
�̄. This form is no other than the full GW� formula but
with G and � replaced by Ḡ and �̄. Thus we succeeded in
including the renormalization function (24) in the formulation
and established the exact sc GW� form with the normalized
QPWFs.

In summary, what we have to do is to simply normal-
ize all the QPWFs to unity, although the QP energies are
complex. We assumed that the two-time spin-density matrix
(or its complementary function) (11) is expressed by N (or

infinite) normalized wave functions φ̄i(1). Then we proved
that these functions exactly satisfy the same equation as the
time-dependent QP equation (10). Thus the exact equiva-
lence between the normalized wave functions φ̄i(1) and the
QPWFs φμ(1) (except for the normalization factor) was estab-
lished for the time-dependent case. This is a very reasonable
conclusion because each hole (electron) QP state associated
with one final PE | �N−1

μ 〉 (IPE | �N+1
ν 〉) state should have

a norm equal to the amount of one electron exactly. It is
clear that the same statement holds for the time-independent
case also. If the spin density matrix defined by ρs(r1, r2) =
〈�N

0 | ψ†
s (r2)ψs(r1) | �N

0 〉 is expressed by N normalized wave
functions φ̄i(r) as ρs(r1, r2) = ∑N

i φ̄i(r1, s)φ̄∗
i (r2, s), these

functions satisfy exactly the same equation as the time-
independent QP equation (9). All these facts imply that one
can normalize the QPWFs, although they are not necessar-
ily mutually orthogonal. Here, Baym-Kadanoff conservation
laws [24,28] guarantee that we can solve the QP equation with
the hermitized self-energy, (19).

We emphasize that to normalize the QPWFs is equivalent
to taking into account the Ward identity. The vertex function
in the limit q → 0 counts the (N ± 1)-electron states | �N±1

λ 〉
with purely one electron or hole only, and has an effect to
normalize the corresponding QPWFs as Eq. (23), ignoring all
the other QPWFs involving multiple excitations. Therefore,
to normalize the QPWFs is equivalent to replacing G and �,
respectively, with Ḡ normalized by �ren

q=0 and �̄ factored out by
�ren

q=0 everywhere. If we assume �̄s(1, 2; 3) = δ(1, 3)δ(2, 3),
we obtain the renormalized sc GWA, in which G is replaced
everywhere by Ḡ. This is not equivalent to the original sc
GWA because �s(1, 2; 3) = �ren

q=0 s(1, 3)δ(2, 3) is not equal to
δ(1, 3)δ(2, 3). The procedure is similar to that proposed by
Holm and von Barth [5], but the QP energies should be treated
as complex numbers. Although the present theory was ex-
plained for the ground state as the initial state, it is applicable
to the excited states also by using the approach given by Ohno
et al. [34,35].

Finally, we make a comment on the Kohn-Sham formu-
lation of DFT. In their original paper [26] they never wrote
that the KS orbitals are mutually orthogonal, although they
assumed their normalization. If we accept this interpretation
for the KS theory, the present formulation of the sc GW�

(or sc GW) approach using the normalized QPWFs can be
regarded as an extension of the KS theory. Although an indi-
rect relationship between the KS potential and the self-energy
has been achieved by Sham and Schlüter [4,27], what we
achieved is their direct equivalence in a hermitized form (19),
which is exact under the Baym-Kadanoff conservation laws
[24,28]. The only difference from the traditional DFT is that
the QPWFs are not necessarily orthogonal to each other be-
cause the self-energy is energy dependent. A nonorthogonality
actually implies that the QPWFs are interacting, or correlated,
in contrast to the fictitious noninteracting KS orbitals.
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